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Mathematical Description of the Flows near the Bottom of
the Ocean

A. Giniatoulline

Abstract—We construct an explicit solution for a boundary
value problem for a system of partial differential equations
which describes small linearized motions of three-dimensional
stratified flows in the half-space. For large values of t, we obtain
uniform asymptotical decompositions of the solutions on an
arbitrary compact in the half-space. In the vicinity of the
boundary plane, we establish the asymptotical properties of the
boundary layer type: we can observe a worsening of the decay
in the approximation to the bottom. The results can be used in
the meteorological modelling of water flows near the bottom of
the Ocean, as well as Atmosphere flows near the Earth surface.

Index Terms—Atmospheric modelling and numerical
prediction, boundary layer, geophysics, partial differential
equations, physical oceanography, stratified fluid.

I. INTRODUCTION
We consider a system of equations of the form
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where v(X,t) is a velocity field of a fluid (Ocean or
Atmosphere) with components v,(X,t) , v, (X,t) , V;(X,t) ;
P(X,t) is the scalar field of the dynamic pressure; p(X,t)

is the dynamic density and p.,d,N are positive constants.

The equations (1) are deduced in [1], [2] under the
assumption that the function of stationary distribution of
density is performed by the exponentially decreasing

function ,o*e’NX3 , which corresponds to the Boltzmann
distribution. The system (1) can be considered as modelling
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the linearized movement of three-dimensional fluid in a
homogeneous gravitational field (Ocean or Atmosphere), as
it can be visualized in the following Fig. 1:

Nxg

Po(Xs) = P&

Fig. 1. Initial distribution of density as a function of X .

Some physical properties of the flows described by (1) can
be found, for example, in [3]-[5].

The Cauchy problem for (1) was considered in [6], where
the explicit solution was constructed and Lp -estimates were

obtained. The half-space domain for (1) was considered in
[7], where the solution was constructed using unilateral
Fourier transform; the uniqueness of the solutions was
proved in a class of growing functions, and it was established

that the solution decays for large t as }(/t_ The spectral

properties of the differential operator of (1) for compressible
viscous case were studied in [8]. In this work, we consider the
system (1) in the half-space

R? ={(x1,x2,x3):(x1,x2)e R% X, 20}

together with the initial conditions

V], =V°(x), divv®=0
)
Ply=0
and the boundary condition
|O|X3=0 =0, t>0 3)
Without loss of generality, we may assume

p~=0=N=1. This can be achieved by the following
change of scale, where we modify the unknown functions of
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velocity and density and use the same notation for modified  condition (3) will take the form
functions: V:=pNV ,p=dp .

In that way, instead of system (1), we will consider the " =0. @)
system: o
We denote the characteristic roots of the equation (6) as
o,  op
R
" S
o, op ta, a=
—~ 4+ —=0 A
ot 0x,
N +@ 0 4 In what follows, we will consider ReA >4, >0 .
ot OX, The general solution of (6) contains two arbitrary
op constants which depend on A and &' .
o v; =0 One of them can be defined from the condition (7), and the
VR, V.Y other - from the condition lim P =0 In this way, we obtain
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Il. CONSTRUCTION OF THE SOLUTION |§ | . (8)
0 ~0
To construct the solution of (4) in the half-space R’ , we j( alrex) _ ’a"”X3‘)%(.§’,77)d77
will solve an ordinary differential equation with respect to 0 on

X, . Here we proceed in a different way if we compare it with . . ) .
If we substitute the representation (8) in (5), we obtain a

linear algebraic system for the functions
Vi (&%), J=123, p(¢&, X5, A). After solving that
system, we have the following:

the solution from [7], where “unilateral” sine and cosine
Fourier transforms were used with respect to X, .

Supposing that the initial data V°(x) are smooth and
sufficiently well decreasing functions for |X|—>oo , we

AO

apply Fourier transform (x,,X,)—>(&,,&,) and Laplace

&' X, A
transform t— A for (4). In this way, we obtain the Ni(&x,2)= /1 2|§|A\//12
following system: ©
~a(n+x3) ~al—g| 5 aV
I{e —e d
!( )/1 o —=(&'m)dn ,j=

0, - +iEP=0 0 (00 2) = 08 N T

~ ! ! 2
AV, V0 +i&,P =0 AT+l 24(2% +1)

oP = IR
A, =5 +p+—=0 5 e ") L sign (- x,)e 1 ) =2 (& n)d7

sl (5) !( on(r7-x)e )an(“)”

Ap—V,=0 (5 X /1 \7 f x3,/‘t/
IEV, +i&,V +a\73—0 3
1V1 2Vo T T T

0%y It is easy to see that, for the inverse Fourier transform

&"— X' the identities hold:
Let us denote
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In particular, for the function P from (5) we have the
following ordinary differential equation:

0*P /12 1 1 o0
SR s S E R N O
OX3 AT 0%,

In terms of Fourier-Laplace transform, the boundary In  this way the inverse  Fourier-Laplace
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transform J will take the form:

©)

where J, and J, are Bessel functions.

We use (9) and apply the inverse Fourier and Laplace
transforms to (8). Thus, for the function P(x,t) we obtain

the following:
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Analogously, for the rest of the components of the solution
for the problem (2)-(4), we obtain the representations:
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I1l. ASYMPTOTICAL DECOMPOSITION ON A COMPACT SET
FOR LARGE VALUES OF TIME AND BOUNDARY LAYER
PROPERTIES AT THE BOTTOM

It is easy to see that the obtained representations (10)-(11),
essentially, have the same qualitative form. Thus, without
loss of generality, we will investigate in detail the
asymptotical behavior of one of the components of the

solution. In particular, let us consider the function P(Xx,t) .
We introduce the function

av° oy,
u(x)= 2{6)( (X', %)+ i(x,—xﬁ}.
In this way, we can represent the function P(x,t) from
(10), as follows:

P(x,t)=P,(x,t)+P,(xt), (12)

where

o

’ 1 |y3| J
P, xt=— dy' fu(x' =y Y, — X% )—Q| == ,t |dy, .
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We observe that coincides with the

P (xt)
representation of the solution P(x,t) for the Cauchy
problem from [6] for the case when the initial data V°(X)

are extended till the whole space R® . Such extension
preserves the property of the solenoidality (see [9]).

Now, let us consider the function P, (X,t). In other terms,
we consider the function
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After passing in (13) to cylindrical coordinates, we obtain
1
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(x1)=5-
I y
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Now, let us suppose that the function f (x) satisfies the
condition

J.(1+|x|)3I+2 D’ f

R}

X)dx<Cj, , 0<|p|<I+1  (15)

for some constants C; >0 .
We introduce the notation

Rﬁ:{x:(x’,x3):x'e R? ,x32h}

and observe that the internal integral with respectto ¢ in (14)
is an even function for p.

We integrate by parts | +1 times in (14) with respect to
Yy, and obtain thus the estimate

IF(xt) < (16)

h2t)|+1

forall t>t,>0,xeK R’ being K a compact.
If VO(X)ECSO(R ) then, from [6], [7] we have the

3
+

uniform estimate for all x € R®:

|P1(x,t)|s% : (17)

t

To obtain the estimate (17), the expression of the main
term of the asymptotic expansion was used ([10]):
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Now, instead of studying just the main term of the
asymptotic decomposition, we can consider 21 first terms.
In this way, we obtain the following estimate for

t—>ow,VxeKcR?

R(xt)= i(Bi(x)cost +B} (x)sint)-tfg +

k=1

+O(t"‘l)

(18)

We note that, for the rest of the components of the solution
(11) the procedure is analogous.

Therefore, summing up (12), (16) and (18), we have
proved the following result:

Theorem.

324

R3

Let V°(x)eC™™(

Additionally, suppose that there exist positive constants Cﬂ

) for some natural fixed |I.

such that the condition holds:

J(1+|x|)3|+2

R3

v (x)dx<C, , 0<|p|<2l+4.

Let K be a compact such that

KcRﬁ',Rﬁ:{x:(x’,xg):x’eRz,xazh}_
Then, for all h>0,KcR® , the asymptotic

decomposition for the solution of the problem (2), (3), (4) has
the following form for t — co:

2l
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where A,'( , B} are continuous functions on the compact K,
and there exist the positive constants a, , b, such that for

all t>t, >0 the estimate is valid:

‘ﬁb(x,t)‘s

IV. CONCLUSION

We have studied the asymptotical behavior of the solutions
of boundary value problem of the type (3) in the half-space.
In other terms, we have studied the vanishing velocity of the
perturbation defined by the initial data (2) for the case of the
existence of an obstacle (bottom of the Ocean or the Earth
surface for the case of the Atmosphere). In this process, there
occurs a boundary layer-type effect in the asymptotical
decompositions of the solutions for large values of t with

respect to the small parameter }t/ near the plane x, =0.
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